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Abstract-Based on the relaxational model developed, the paper presents the mechanisms underlying the 
thermal conductivity and viscosity coefficients of substances in solid, liquid, and gaseous states. The analysis 
of the model made it possible to derive the temperature-varying thermal conductivity and viscosity 
coefficients. Their calculations from the proposed formulae are given for a number of well-known materials, 

and a good agreement with experimental results is shown. 

THE MECHANISMS of heat transfer by heat conduction 
have been extensively studied by applying the models 
of a molecular real gas, electron gas, phonon gas, and 
a number of others. Different formulae derived on the 

basis of these models for the thermal conductivity 
coefficients can be found in a number of review papers 
[l-7]. All these models, and, consequently the formu- 
lae, are based on the interactions of particles of the 
gas considered with one another and with the defects 

of real substance in which heat transfer by conduction 
takes place. These mechanisms of interaction are con- 
ventionally called the processes of the scattering of 
gas particles (molecules, electrons or phonons), and 
they dominate in the description of the character of 
heat conduction and the numerical values of its 
coefficients. For the specialists dealing with the prob- 
lems of the mechanism of heat conduction these are 
familiar problems that do not require further analysis 
within the scope of the present paper, the more so that 
the above-cited literature has given a considerable 

amount of attention to them. It should only be noted 
that all of the studies in this field do not allow one to 

obtain a single formula for the temperature depen- 
dence of the thermal conductivity coefficient of a cer- 
tain class of substances from 0 K to the highest tem- 
peratures in the region of the gas state. It is known 
that the temperature dependence of the thermal 
conductivity coefficient for electrically conducting 
materials, referred to as the Wiedemann-Franz- 
Lorentz law, is most adequate, but it is also completely 
unsuitable in the region of low temperature (T < 0 
(the Debye temperature)) and in the region of the gas 
state. For solid bodies with T > 0 and for a liquid 

phase, where this law is considered to be applicable, 
a considerable deviation from it is observed. The 
reasons for these deviations are also analyscd in detail 
in the above-indicated literature and in other pub- 
lications. As regards the formulae for the thermal 
conductivity coefficients of non-conducting solid bod- 
ies, liquids and gases, all of them are applicable either 
in a narrow temperature range and only for a certain 

small quantity of substances, or contain so many 
quantities and functions which are dificult to deter- 

mine physically ; all of these relations cannot claim a 
single mechanism of heat conduction and none can 
be accepted as a correlation. 

In respect to the well-known expressions for the 
dynamic viscosity coefficients, it is to be noticed that 
these are still more empirical as they are based on the 
viscosity mechanisms that roughly approximate the 
real process. The formulae for determining the 

dynamic viscosity coefficients arc presented in refs. 
[&I I]. None of the well-known physical quantities 
can be regarded as accurate enough for describing the 
temperature dependence of the viscosity coefficient in 
liquid and solid phases. 

The foregoing has led the authors to attempt to 
devise a universal temperature dependence for the 
thermal conductivity and viscosity coefficients for a 
wide class of substances in the regions of solid, liquid 
and gaseous states. The attempts were based on stud- 

ies conducted over many years in this area by one of 
the authors [2, 4, 12-241 and on the analysis of other 
numerous data published on this problem. 

The present approach to the solution of the said 
problem is based on the well-known [25] classic 
relations for the thermal conductivity (1) and dynamic 
viscosity (p) coefficients for an ideal gas. These 
relations are presented in form more convenient for 
further analysis 

and 

i = :cp&, (I) 

/.l = :po2to (2) 

where p is the density, c the heat capacity, c the vel- 
ocity of gas particles and t,, the time for energy trans- 
fer adopted to be equal to 1 s in these equations. It is 
well known from molecular physics that it is imposs- 
ible to use these simple relations for real substances 
owing to the complexity of calculations of the velocity 
and real time which may greatly differ from 1 s. The 
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;2 
heat capacity [J kg- ’ K ‘1 
Planck constant [J s] 

h h/2n [J s] 
k Boltzmann constant [J K ‘1 
Pi- Prandtl number 
T temperature [K] 
I’ velocity [m s ‘1. 

, Greek symbols 

NOMENCLATURE 

P dynamic viscosity [Pa s] 

P density [kg m ‘1 
7 relaxation time [s]. 

Subscripts 
boil boiling 
melt melting 

s sound 

0 Debye temperature [K] 
i thermal conductivity [W m -- ’ K ‘1 

* characteristic state 
averaging. 

L 

values of heat capacity and density have been well 

studied and are cited in numerous reference books. 
For a solid phase, especialiy at low temperatures, the 
values of the heat capacity are calculated from the 

Debye formula f26]. 
In order to determine the velocity and time depend- 

ence on temperature, the mechanisms of transfer in real 
bodies will be considered. First consideration will be 
given to the nature of the temperature dependence of 
the thermal conductivity (Fig. I) and viscosity (Fig. 
2) coefficients. Attention should be given to the fact 
that the magnitude of the thermal conductivity 
coefficient in the liquid and gas phases can both 
decrease and increase with an increasing temperature 
as depicted in Fig. I by two different lines for the 
liquid phase of the substance. 

To describe this kind of temperature ctependence of 
the thermal conductivity and viscosity coehicients, a 

universal model is proposed for heat transfer in a 

solid (metals, insulators, semiconductors), liquid and 

gaseous phase. The basis behind this model is that 

any body is considered to be a set of atoms that in 
the general case possess vibrational, rotational and 
translational motion and an electronic shell which is 

considered to be an independent particle in electrically 
conducting bodies. In the solid phase the atoms in 
monocrystalline materials are located at the lattice 

nodes with the corresponding long range order [27]. 
In po~ycrystall~ne and amorphous solid bodies the 

long range order is destroyed and the system preserves 
only the short range order with the models of disorder 
peculiar to it [28]. These models are also valid in the 
liquid phase. If the body in the solid and liquid phases 
has a metallic bond, then the energy of free electrons 
must be taken into account in the processes of heat 
transfer. It is considered that in the solid state the 
atoms have only vibrational and rotational motions ; 
in the iiquid phase the translational motion must be 
additionally taken into account when analysing the 

process of transfer. In the gaseous state the trans- 

h 

I I I 
I I I 

I , I 
T max f melt Lil T 

FE. I. The typic4 temperature dependence ol‘ the thermal 
c~nducti~ty coefficient: I, solid phase; II, liquid phase; III, 

gaseous phase. 

i 
T melt T 

boll T 

FIG. 2. The typical te~lperature dependence of the dynamic 
viscosity coefficient of substance : I, liquid phase: II, gaseous 

phase. 
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lational motion of atoms becomes predominant, the 

short range order disintegrates and the collectivization 
of electrons cannot be made. Consequently, in gases 

the atoms are considered to be the basic energy 
objects. 

With such an approach to the composition of sub- 
stance, the model suggested consists in the following : 
since the transfer of heat requires the application of 
the temperature gradient to the system, the heat sup- 

plied to the body is absorbed by the entire set of the 
particles, and because of the presence of the tem- 

perature gradient the energy absorbed propagates in 
the body in the form of a packet of waves. It is 
assumed that in any state of the substance the velocity 

of such a packet of waves is equal to the speed of 
sound. It is thus considered that the heat wave packet 
consists of a close set of waves having the frequencies 
of electrons, optical and acoustic phonons and that it 

displaces in the body with the speed of sound always 
as one wave, that is, it is presumed that no matter 
what particles are most energetic in the given sub- 
stance. they do participate in the transfer of heat as a 
constituent part of the packet of heat waves. Then 

the specific features of heat transfer, for example, in 
metals or insulators, can be taken into account on the 
basis of the mutual scattering of particles inside the 
packet. Any substance in a solid, liquid or gaseous 
state can thus be represented as a set of waves (here 
the wave is understood to be the above-described 

packet of a heat wave), which, on application of the 
temperature gradient. move with the speed of sound 
in the direction opposite to the direction of the tem- 
perature gradient. 

Since the speed of sound is inversely proportional 

to the compressibility of the medium, then the speed 

of sound in solid bodies and in incompressible liquids 
was assumed to be independent of temperature. 

Moreover, the following mechanism of the scatter- 
ing of waves is also assumed which determines the 
values of the thermal conductivity and viscosity. 
When moving in a solid body at very low temperatures 

(T < T,,,,, in Fig. 1) a heat wave packet undergoes 
scattering only on the boundaries of the specimen, 
while at the temperatures T,,,,, < T < 0 the scattering 

on the defects prevails. In both the cases it is necessary 
to take into account the in-packet scattering of all of 
the modes of vibrations in this heat wave packet, 

whereas at T > 0 this form of scattering becomes pre- 
dominant. 

In amorphous bodies and liquids (melts including) 

the main form of scattering is considered to be the in- 
packet scattering of all the modes and the scattering of 
the heat wave packet on the disorder of coordinating 
spheres determined by the short range order in the 
given substance. The radii of coordinating spheres 
have been well studied in literature (see, e.g. ref. [29]). 
The basic form of scattering in a gaseous phase is 
considered to be the collisions of the heat wave packet 
with the atoms or with the associations of the atoms 
of the gas, with the in-packet scattering of all the 

vibrational modes being simultaneously taken into 
account. 

All these forms of scattering are taken into account 
in the present model by the relaxation time quantity. 
It is based on the idea of the relaxation time in heat 
transfer by phonon heat conduction [30]. Developing 
this idea, the relaxation time of the heat wave packet 
for temperature Twill be represented in the form 

h 

T=E 
where h = h/2x, h is the Planck constant and k the 
Boltzmann constant. The mean relaxation time for 
the given temperature T is suggested to be selected 
with allowance for the distribution of the packets of 
heat waves. This distribution can be represented as 

1 
n- 

exp (z/z*) - 1 
(4) 

where T is the relaxation time in the form given by 

equation (3) and t* is the relaxation time at the 
characteristic temperature T* 

h p-- 
kT*’ 

The substitution of equations (3) and (5) into equa- 
tion (4) yields 

The minus sign in front of the unity in the denomi- 

nator is due to the fact that, as already noted, any 
packet of heat waves in the model has a wide range of 
vibrational modes and consequently, obeys the Bose- 
Einstein statistics. With allowance for this fact, the 
mean relaxation time of the heat wave packet at tem- 
perature T has the form 

hjkT 

r=exp(T*/T)-1’ (7) 

Of particular importance here is a correct deter- 

mination of the characteristic temperature. When 
considering the heat conduction in solid bodies it is 

suggested to assume that T* = T,,,,,, i.e. that this 
temperature corresponds to the maximum thermal 
conductivity coefficient, as shown in Fig. 1. For 
amorphous solid bodies T* = T,,,,,,. With this 
provision, the characteristic temperature is meant to 
denote the degree of the perfection of the crystal. For 
perfect monocrystals it approaches the zero tem- 
perature, and the higher the degree of imperfection, 
the higher T,,,,, in amorphous bodies (complete dis- 
order in the structure) T,,,,, corresponds to the melting 
temperature. 

When considering the process of heat conduction 
and internal friction (viscosity) in liquid and gaseous 
media, it is suggested that the characteristic tem- 
perature be the temperature of the phase change from 
a liquid to a gaseous state, i.e. in the majority of cases 



it is the boiling temperature, T* = r,,,,. Then, for the representative scattering processes, it is taken that 

solid bodies equation (7) takes on the form .Y = n and then the correction will have the thl-m 

f= ~~ hjkT 

exp (T,,,,,/T) - I 
(11) 

and for liquids and gases 

hjkT 

’ = exp (T,,,,,/T) - I 
(9) 

Taking into account the above-described mechanisms 
of scattering of the packets of heat waves, it is sug- 

gested that the transition from an ideal gas to real 
bodies is made by introducing the correction for time 
Q in equations (1) and (2) in the form 

(10) 

For the processes of heat transfer by conduction, with 

T(K) 

300 
400 
500 
600 
700 
X00 
900 

1000 
I1w.J 
1200 
1300 
1400 
I50tJ 
I 600 
1700 
18tJtJ 
1900 
2uoo 

whereas for the processes of internal friction that 
determine the viscosity coefficients with its specific 

features of scattering it is taken that .Y = PU. and the 
correction is 

z,[exp (T,,,,,/ T) - 11 
(13 

Summarizing the above (taking into account that 
r. = 1 Y), it is thus possible, within the framework of 
the model, to suggest universal relations for solid, 
liquid and gaseous subsLances within the temperature 
range from 0 K to the highest temperatures that 

describe the temperature dependence of the thermal 

Table 1. The values of n Ibr alkali metals in a solid phase 

Li Na K Kb cs 
T(K) 7’//,,,, = I6 K r, ,,,, ~ = 4.5 K 7;, ,,,, = 3 K 7;,,,>, = 4.5 K 7‘,,,,, \ = 3.5 K 

I 0.2Y7 0.346 0.377 0.436 0.465 
3 0.454 0.457 0.494 0.553 0.5215 

: 0.547 0.513 0.514 0.562 0.570 0.630 0.613 0.65’) 0.652 0.6Y7 
9 0.571 0.605 0.675 0.696 0.726 

IO 0.582 0.624 0.693 0.71 I 0.737 
12 O.hOO 0.656 0.722 0.734 0.75 I 
I5 0.624 0.696 0.755 0.759 0.766 
20 0.658 0.745 0.791 0.7X0 0.7X0 
30 0.715 0.805 0.822 0.797 0.792 
4iJ 0.761 0.X34 0.832 o.x(i4 0.7YX 
50 0.797 0.x49 0.x37 0.807 O.bOI 

ItJO 0.x77 0.X66 0.x44 0.X12 0.x0x 
300 0.910 0.X6’) 0.x4x 0.x15 0.813 

Table 2. The values of n for alkali metals and mercury in liquid and gaseous phases 

Li Na K Kb cs Hg 
lhw, = 1615 K T,,,,, = 1151 K & ,,,, = I032 K 7;,,,, = 95”) K 7; ,,,, = 943 K y;,,,,, = 630 K 

0.744 
0.6YY 0.6X4 0.674 0.667 0.775 

0.759 0.706 0.6X9 0.6’79 0.670 0.773 
0.764 0.710 0.6Y2 0.6X2 0.67U 0.771 
0.766 0.713 0.694 tJ.684 0.66’) 0.615 
0.768 tJ.716 0.6Yh 0.6X4 0.66Y (i.612 
0.768 0.717 0.697 0.685 0.66’) 0.609 
0.76X 0.719 Q.@Y 0.650 0.644 0.606 

0.652 0.645 0.640 0.604 
0.651 0.648 0.641 0.63h 
0.646 0.645 tJ.03x 0.633 
CJ.641 0.642 0.635 
0.637 0.639 0.633 

0.645 
Cl.645 
0.644 
0.643 
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conductivity coefficient as 

i. = _; cp: 

and of the dynamic viscosity coefficient as 

p 1 ;pg = 
h/k T 

exp (TholllT) - 1 

Since the quantities c, p, c,, h, k, T*, and 

A. S. OKHOTIN ef al. 

(13) 

(14) 

T,,“,, have 
been well studied for the majority of substances and 
have been tabulated or can be easily calculated from 

the data on the thermodynamic parameters, the main 
difficulty in using equations (13) and (14) consists in 
the correct determination of the values of IZ and m. 

Using the experimental data on the thermal con- 

ductivity and viscosity coefficients. the values of n and 
m were calculated from equations (13) and (14) for a 
great number of substances. In calculations for a solid 
phase, the values of p and z:, were assumed to be 

independent of temperature; the heat capacity was 

T (K) 

600 
700 

800 
900 

1000 
II00 

1200 

1300 
I400 

1500 

1600 
1700 
I800 

calculated from the Debyc formula. The results ol 
calculations are presented in Tables 1 to I1 from 
which it is seen that the values of n and /n are the 

functions of temperature and in all of the cases they 
vary from 0 to 1. It seems that the essential point 
underlying these quantities is the allowance for the 
processes of scattering in real bodies in the course of 
energy transfer. By analogy with the effective scat- 

tering cross section that governs the transfer in ideal 
gases, the coefficients n and m can bc regarded as being 

universal parameters of scattering, with the quantity 

n determining the scattering that governs the heat 
transfer and the quantity M determining the scattering 
that governs the origination of friction forces. The 

character of their temperature dependcnces is in good 
qualitative agreement with the above-described mcch- 
anism which underlies the scattering in solid, liquid 
and gaseous bodies which depends on the rise of tem- 
perature. The calculation of the quantities /z and nr 

for the present model seems to be possible with the 
use of the theory of fractiles [3 I. 321. 

Table 4. The values of n for electrically conducting materials in a liquid phase 

cu Zn Cd Al Sn Pb 
Th,>,, = 2860 K 7-,,<>,, = II79 K T,,,,, = 1038 K T,,<,,, = 2593 K r,,,,,, = 2540 K The,, = 2023 K 

0.759 0.699 
- 0.764 0.761 0.707 0.717 

0.764 0.762 0.713 0.720 
0.764 0.763 0.717 0.721 
0.764 0.763 0.744 0.720 0.721 

0.746 
0.748 
0.750 

0.727 0.751 
0.728 0.752 
0.729 
0.729 
0.730 

T(K) 

Se Se 
Si cc (tryst.) (amorph.) Te 

7,,, = 24 K T ,,,, /* = 12 K T “,_, * = 6.5 K r,,, = 490.2 K r,,,,, = 4.5 K 

2 0.366 0.499 0.507 0.445 
5 0.446 0.526 0.571 0.531 
8 0.477 0.573 0.627 0.602 

IO 0.492 0.598 0.661 0.345 0.640 
I2 0.506 0.618 0.69 I 0.392 0.67 I 
I5 0.522 0.646 0.726 0.452 0.709 
20 0.550 0.684 0.768 0.53 I 0.754 
30 0.597 0.740 0.818 0.636 0.804 
40 0.640 0.779 0.x44 0.700 0.832 
50 0.6X2 0.x07 0.862 0.741 0.x50 

100 0.7x0 0.876 0.898 0.825 0.x94 
300 0.888 0.938 0.933 0.849 0.934 
500 0.945 0.982 

1100 0.955 0.985 
I300 0.960 
1500 0.962 

Table 5. The values of n for semiconducting materials in a solid phase 
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Table 6. The values of n for semiconducting materials in a liquid phase 
-~~ 

Si Ge Se Te 

T (K) T,,,, = 3522 K TbI, = 3120 K T,,,,, = 958 K T,,,, = 1663 K 

500 
600 
700 
800 
900 

1000 
1100 
1200 
1300 
1400 
1500 
1700 
1800 
1900 
2000 

_ 

0.724 
0.726 
0.727 

0.750 
0.751 
0.753 
0.754 

0.794 
0.794 
0.793 
0.790 
0.786 0.757 

0.760 
0.763 
0.766 
0.768 

Table 7. The values of n for non-conducting materials in a 
gaseous phase 

NZ 0, H,G 
T(K) T,,,,=77.35K T,,,,=90.18K T,,,,=373.15K 

65 0.938 - 

70 0.939 
75 0.939 0.943 - 

80 0.943 - 

85 0.944 
90 0.944 - 

273.15 - 0.906 
283 0.907 
293 0.908 
303 0.909 
313 0.910 
323 0.911 
333 0.912 
343 0.913 
353 0.914 
363 0.915 

Table 8. The values of n for non-conducting materials in a 
gaseous phase 

T WI T,,,,, = 77.35 K Tbo,, = 90.18 K Th ,,,, = 373.15 K 

100 0.737 0.730 - 

200 0.720 0.711 -_ 

300 0.710 0.700 
400 0.703 0.698 0.685 
500 0.698 0.689 0.677 
600 0.694 0.685 0.671 
700 0.691 0.682 0.666 
800 0.688 0.679 0.661 
900 0.686 0.677 0.657 

1000 0.684 0.674 0.654 
1100 0.682 0.673 
1200 0.679 0.670 
1300 0.678 0.668 

N? 0, H,O 

Table 9. The values of nz for alkali metals and mercury in liquid and gaseous phases 
~___~ ~~~~~ 

Li Na K Rb cs Hg 
T (K) T,,,,! = 1615 K T,,“,, = 1151 K T,,,,, = 1032 K T,,,, = 959 K T,,,,, = 943 K T,,“,, = 630 K 

300 
400 
500 
600 
700 
800 
900 

1000 
1100 
1200 
I300 
1400 
1500 
1600 
1700 
1800 

0.843 
0.857 
0.868 
0.875 
0.881 
0.886 

0.652 
0.652 
0.652 
0.652 

0.834 
0.852 
0.864 
0.872 
0.878 
0.882 
0.855 

0.644 
0.644 
0.644 
0.643 

0.830 0.830 
0.845 0.844 
0.854 0.853 
0.861 0.858 
0.865 0.862 
0.868 @J& 
om 0.655 
0.659 0.651 
0.657 0.649 
0.655 0.647 
0.654 0.645 
0.652 0.643 

._ 

0.822 
0.836 
0.845 
0.850 
0.854 
0.855 
0.655 
0.653 
0.651 
0.650 

0.884 
0.899 
0.907 
0.912 
0.631 
0.628 
0.625 
0.622 
0.620 
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Table IO. The values ofnz for non-conducting materials in a Table I I, The values of m for non-conducrmg matel-13;s in ii 
liquid phase gaseous phase 

N: 0, H&I N2 0, H ?O 

7 (K) r,,>,, = 77.35 K r,,,, = 90.18 K r,,,,, = 373.15 K T(K) S,,,,, = 77.35 K 7’h ,,,, = 90.1X K r, ,,,, = 373.15 K 

65 O.YO6 
70 0.910 
75 0.915 0.9u9 
XIJ 0.913 
85 0.917 
90 0.920 

273.15 0.827 
2x3 0.838 
293 0.84X 
303 0.X56 
313 0.864 
3 2 3 0.871 

333 0.878 

343 0.8X4 
353 O.XX9 

363 0.894 

14. 

Equations (13) and (14) can easily yield the 
expression for the Prdndtl number which, on the basis 
of the present model, will eventually have the form 15. 

pu _ tl)i 11, (15) 

Calculations of the Prandtl number from this equa- 16. 

lion for alkali melts, mercury, water, nitrogen, and 
oxygen satisf:dctorily coincide with the well-known 
literature data. 17. 
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DEPENDANCE UNIVERSELLE DES COEFFICIENTS DE CONDUCTIVITE THERMIQUE 
ET DE VISCOSITE VIS-A-VIS DE LA TEMPERATURE 

Hbum&A partir d’un modele re~a~tionnel, on presente les mecanismes sous-tendant les coefftcicnts de 
~ondu~t~vit~ thermique et de viscositt des substances dam les etats solide, liquide et gazeux. L‘analyse du 
mod& rend possible l’obrention de la loi de dependance de ces coefficients vis-a-vis de la temperature, leur 
calcul a partir des formules pruposees sont don&es pour de nombreux mattriaux connus Ed on constate 

un bon accord avec les resultats experimentaux. 

UNIVERSELLE TEMP~RATURABH~NGIGKEIT DER W~RMELEITF~HIGK~IT UND 
DER VISKOSITAT 

Zusammenfassung-Auf der Grundlage eines bereits entwickelten Relaxationsmodells wird in der vor- 
hegenden Arbeit iiber den Mechanismus berichtet. auf dem die Warmeleitfahigkeit und die Viskositat 
fester, fliissiger und gasfiirmiger Substanzen beruht. Die Analyse des Modells machte es moghch, die 
temperatur~bh~ngige W~rmeleitf~higkelt und Viskositat herzuleiten. Bere~hnungell dieser beiden Ko- 
effizienten werden fiir einige bekannte Stoffe angegeben, wobei sich eine gute ~~reinstimrnu~~g mit 

Versuchsdaten zeigt. 

YHMBEPCAJIbHAR SABMCAMOCTb K03@@HHMEHTOB TElTJIOfIPOBO~HOCTM M 
BII3KOCTH OT TEM~EPATYPbl 

AmoTawe-43 CTaTbe Fi3JIaraIoTCx MeXaHN3MbI KOJ@@&fWeHTOB Te~AOiXpOBOAHOCTri W B113KOCTB B 

TBepAOM, KKL(AKOM a ra3006pa3HOM COCTOIlHllflX ua OCHOBe paspa6oramroii penaKcamrouuoii MOAeJIK 

npMb0A4R.rCA nonyYefiHb;e 83 aIwsi3a 3~ofi ~oAen5i TeMnepaiypnbre 3aaricriMocrn ~03&uinaeuroa ren- 
JIOItpOB0AHOCrH H BIISKOCTEi. npHBeAeHb1 AX paCYeTb1 110 IIpeAJIOxeHHblM @OpMyJIaM AJIR pAa XOpOUIO 

A3y’WiHbIX MaTepHaJiOB N llORa3aHO XOPOUIW COBl-IaAeHHe C 3KCtIePHMf2iTNIbHbIMH pe3yJlbTaTaMH. 


